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Abstract  
 
This paper is an attempt to apply the concept of serendipity to mathematical logic.  
Serendipity is defined as “looking for one thing and finding another”.  It is argued that 
mathematical logic was developed as part of the search for a foundation, which would 
render mathematics absolutely certain.  Following Carlo Cellucci, it is then argued that 
this foundational quest failed.  However, and here serendipity comes in, mathematical 
logic proved unexpectedly to be a very useful tool for computer science.  The paper 
concludes by considering briefly whether the concept of serendipity could be useful in 
the context of Carlo Cellucci’s programme for developing a logic of mathematical 
discovery. 
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1.  Serendipity  
 
There is one definite fact about the term ‘serendipity’.  It was coined by Horace Walpole 
in a letter to his friend Horace Mann, dated 28 January 1754.  However, Merton and 
Barber (2004) shows that the subsequent history of the term was tortuous and 
complicated.  It has been, and still is, used in a variety of different senses.  In this paper, I 
will use a definition of serendipity which, according to Merton and Barber (2004, p. 112) 
was first formulated by Edward Solly in 1880 and is cited in the Oxford English 
Dictionary.  According to this definition, serendipity consists in “looking for one thing 
and finding another.”  This definition does have some basis in Horace Walpole’s original 
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letter, for he says there (quoted from Merton and Barber, 2004, p. 2):  “you must observe 
that no discovery of a thing you are looking for comes under this description.”  However, 
serendipity is [23] sometimes used in broader senses which also have some basis in 
Horace Walpole’s original letter. 

The classic instance of serendipity, as it has just been defined, is Columbus’ 
discovery of America.  Columbus was looking for a sea route to the East Indies obtained 
by sailing west.  However, what he actually found was a new continent, whose existence 
was unknown to European geographers.  

Let us now turn to considering how the concept of serendipity might be applied to 
the development of mathematical logic.  The main ideas of Mathematical Logic were 
developed between 1879 and 1931 by a number of different researchers, of whom Frege, 
Peano, Russell, Hilbert, and Gödel are the most famous.  Van Heijenoort (1967) is a well-
known collection of papers by the pioneers of mathematical logic.  The title of the 
collection: ‘From Frege to Gödel. A Source Book in Mathematical Logic, 1879-1931’ 
gives an accurate idea of its content. 

How then can the concept of serendipity be applied to mathematical logic?  I have 
defined serendipity as “looking for one thing, and finding another”.  To show that 
serendipity applies to mathematical logic, we have therefore to show two things:  (1) that 
the pioneers of mathematical logic were looking for something which they did not find, 
and (2) that they did find something different from what they were looking for.   

As regards (1), my claim will be that Frege, Russell, Peano, and Hilbert were 
looking for a foundation, which would render mathematics absolutely certain.  They 
thought that mathematical logic was an essential component of this foundation.  We can 
summarise this by saying that the pioneers of mathematical logic were looking for a 
foundation for mathematics.  However, this foundational quest ended in failure. 

As regards (2), my claim will be that mathematical logic turned out to have a 
surprising and unexpected use.  It proved to be a valuable tool for computer science.  
Now the pioneers of mathematical logic did not anticipate this application.  They could 
hardly have done so.  There are arguments among historians as to what should be counted 
as the first computer in the modern sense, but no serious candidate for this title was 
produced before 1945, that is to say over 15 years after Frege, Russell, Peano and Hilbert 
had created mathematical logic.  This is why the concept of serendipity clearly applies to 
mathematical logic. 

The above claims, though without using the concept of serendipity, are to be 
found in Doxiadis and Papadimitriou (2009) Logicomix.  This is a truly remarkable 
attempt to present the history of mathematical logic, focussing mainly on Russell, in the 
form of a comic book or graphic novel.  In self-referential fashion, the authors appear 
themselves as characters in [24] the book.  By the time we have reached p. 303, 
Apostolos Doxiadis seems convinced that the foundational quest of Russell et. al. has had 
an unhappy ending.  However, Christos Papadimitriou says:  “ … follow the ‘quest’ for 
ten more years and you get a brand-new, triumphant finale with the creation of the 
computer, which is the ‘quest’s’ real hero!”  We are even promised a further book: ‘The 
Story of Computers’ as sequel to Logicomix.  Let us hope this is indeed produced. 

Let me now turn to providing arguments for the two parts of my serendipity 
claim.  I have first to show that mathematical logic failed in its original aim of providing 
a foundation for mathematics.  I will try to do this in the next section 2, using mainly the 
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arguments of Cellucci in his (1998), (2002) and (2007). Then I have to show that 
mathematical logic turned out, after all, to be a useful tool for computer science.  I will 
attempt to do this in section 3. 
 
 
2.  Cellucci’s Critique of Mathematical Logic 
 
Mathematical logic was developed in the context of two research programmes which had 
philosophical motivations.  The first of these was logicism, that is to say the attempt to 
show that mathematics1 could be reduced to logic.  This was first developed by Frege and 
then by Russell.  Both Frege and Russell (at least initially) thought that, if logicism were 
successful, it would provide a foundation, which would render mathematics absolutely 
certain.  They thought that the fundamental principles of logic would be a priori certain, 
and that the theorems of mathematics, following from the fundamental principles by strict 
logical reasoning, would also be certain. 

The second research programme was formalism.  In Hilbert’s version of this 
programme, mathematics consisted of a collection of formal systems in each of which the 
theorems were deduced from the axioms using mathematical logic.  Hilbert aimed to 
prove that each of the formal systems, which comprised mathematics, could be proved 
consistent using only the indubitable methods of finitary arithmetic.  If he and his school 
had succeeded, this would have rendered mathematics absolutely certain in a slightly 
different sense from that of the logicist school.  Peano, whose work preceded that of 
Hilbert, also had a formalist point of view.  He and [25] his followers in their Formulaire 
de Mathématiques (1895-1908) tried to present the whole of mathematics as a collection 
of formal systems.  However, Peano did not have Hilbert’s requirement that these formal 
systems should be proved consistent.2  

In chapters 8, 9 and 11 of his 2002, Cellucci argues that the foundational 
programme of Frege and Russell, and that of Hilbert both ended in failure because of the 
limitative results of Gödel (1931) and Tarski (1936).  Let me now give an informal 
exposition of why Gödel’s two incompleteness theorems might be taken as having 
refuted both logicism and formalism. 

The relation of Gödel’s incompleteness theorems to the logicist philosophy of 
mathematics of Russell and Whitehead’s Principia Mathematica is clearly indicated by 
the title of Gödel’s 1931 paper which runs ‘On Formally Undecidable Propositions of 
Principia Mathematica and Related Systems I’.  However, as the title also shows, his 
results do not apply just to Principia Mathematica, but to any similar formal system.  I 
will now state the first of Gödel’s incompleteness theorems in a later version proved by 
Rosser (1936), and sometimes known as the Gödel-Rosser theorem. 
 
Gödel’s First Incompleteness Theorem.  Given any formal system S, such that (1) S is 
consistent and (2) a sufficiently large amount of arithmetic can be derived in S, then we 

                                                
1 Strictly speaking Frege limited his version of logicism to the claim that arithmetic can be reduced to logic.  
Russell later extended logicism to the whole of mathematics.  However, I will ignore this difference in this 
preliminary exposition. 
2 For some further discussion of Peano as a forerunner of Hilbert’s philosophy of mathematics, see Gillies, 
1982, pp. 69-70. 
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can find an undecidable proposition p in S – that is to say, a proposition p such that p 
cannot be proved in S, and the negation of p (not-p) also cannot be proved in S.  p can, 
however, be shown to be a true statement of arithmetic by an informal argument outside 
S. 
 

Let us see how this theorem applies to Russell and Whitehead’s system Principia 
Mathematica or PM for short.  Russell and Whitehead had claimed that the axioms of PM 
were truths of logic.  They also thought that it should be possible to prove any theorem of 
mathematics within PM.  Had this in fact been true, then it would have been shown that 
the whole of mathematics is nothing but an extension of logic.  Of course, Russell and 
Whitehead could not prove within PM all the theorems of existing mathematics, let alone 
of all future mathematics.  In their three massive volumes, however, they did prove a very 
large number of mathematical theorems, so that by the end of volume III it did begin to 
look plausible that it would be possible to prove any further mathematical theorem within 
[26] their formal system.  Gödel’s first incompleteness theorem, however, showed that, if 
PM is consistent, then there is a true statement of arithmetic which cannot be proved 
within PM.  The theorem thus showed that the logicist philosophy of mathematics of 
Russell and Whitehead was not correct.  At first sight, it might be thought that the logicist 
position might still be rescued by constructing some logicist system S more powerful 
than PM, but of course Gödel’s first incompleteness theorem would apply to S if S were 
consistent, and the same objection could be raised against S as against PM.  It thus looks 
as if Gödel’s first incompleteness theorem gives a fatal blow to logicism. 

To explain the objection to Hilbert’s formalism, we will need to state Gödel’s 
second incompleteness theorem. 
 
Gödel’s Second Incompleteness Theorem  Given any formal system S, such that (1) S is 
consistent and (2) a sufficiently large amount of arithmetic can be derived in S, then the 
consistency of S cannot be proved within S. 
 

It is easy to see why this shows the impossibility of carrying out Hilbert’s 
programme.  Let S be some complicated formal system for some branch of mathematics 
– e.g. set theory.  Certainly we will be able to formulate very elementary arithmetic 
within S, and so we will not be able to prove S consistent using only the methods of 
elementary arithmetic, as Hilbert has hoped.      

Prima facie then, Gödel’s incompleteness theorems refute both logicism and 
formalism.  However, this conclusion is not accepted by all philosophers of mathematics, 
and, in the last few decades, there have been attempts to formulate neo-logicist or neo-
formalist positions which are designed to evade the problems created by Gödel’s 
incompleteness theorems.  Cellucci criticizes these new versions of logicism and 
formalism.  Let us start by considering his treatment of neo-logicism.  

Cellucci deals with neo-logicism in his (2007).  He criticizes the version of neo-
logicism developed by Hale and Wright in their (2001).  Hale and Wright, like Frege, 
defend the thesis that the truths of arithmetic are analytic.  However, they use ‘analytic’ 
in a slightly broader sense than Frege.  Frege held that a statement is analytic if it is 
deducible from primitive truths of logic.  Hale and Wright maintain that a statement is 
analytic if it is deducible from primitive truths of logic together with primitive analytic 
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propositions.  A primitive analytic proposition is one which gives a contextual definition 
of a concept.  As far arithmetic is concerned, the primitive analytic proposition is what 
they call Hume’s Principle (or HP).  This can be stated as follows: [27] 
 

NxF(x) = NxG(x) if and only if  F ≈ G                  (HP) 
 
where NxF(x) stands for the number associated with the concept F, and F ≈ G means that 
there is a 1-1 correspondence between the objects which fall under the concept F and 
those which fall under the concept G. 

Against this neo-logicist position, Cellucci marshals a number of arguments 
(2007, pp. 86-89).  First of all he argues that it just as much undermined by Gödel’s 
incompleteness theorems as the earlier versions of logicism.  Then he goes on to say that 
the mathematical concept NxF(x) is not completely eliminable on this approach, because 
HP only allows us to eliminate NxF(x) in contexts of the form NxF(x) = NxG(x).  
However, if neo-logicism allows a mathematical concept such as NxF(x) which is not 
completely eliminable in favour of purely logical concepts, then it is really no longer a 
form of logicism.  Cellucci also has a rather telling comment on the notion of analytic 
used by Hale and Wright.  Cellucci writes (2007, pp. 87-8): 
 
“Neo-logicism considers HP to be analytic because it gives a contextual definition of the 
concept of number.  But then one ought also to consider as analytic, for example, the 
principle of inertia:  ‘Every body remains in its state of rest or uniform motion in a 
straight line unless acted on by a force’, because this gives a contextual definition of the 
concept of force.  But this sense of analytic takes all philosophical bite from the claim 
that the truths of arithmetic are analytic, because the laws of physics would also be 
analytic in this sense.”  
 
Cellucci has some further arguments against neo-logicism, and overall his criticism of 
that position seems to me decisive. 

Turning now to neo-formalism, there are really two versions of this position.  The 
stronger version hopes to rescue Hilbert’s original version of formalism.  The main 
proponents of this approach are Simpson (1988) Partial realizations of Hilbert’s program, 
and Detlefsen (1990) On an alleged refutation of Hilbert’s program using Gödel’s first 
incompleteness theorem.  The titles of these papers clearly indicate the authors’ intention 
of reviving Hilbert’s programme in some form.  Cellucci criticizes Simpson in his 2002, 
Chapter 9, Section 5, pp. 78-9, and Detelefsen in the same work, Chapter 8, Section 4, pp. 
66-7.  These criticisms seem to me convincing. 

There is however a weaker version of neo-formalism which argues that 
mathematics should consist of a set of formal systems, but gives up Hilbert’s programme 
of trying to prove the consistency of these formal systems of mathematics using finitary 
arithmetic.  This point of view has [28] been most notably defended by Bourbaki.  In a 
sense, it is a return to the formalism of Peano. 

Cellucci discusses Bourbaki’s position in his 1998, p. 174.  As he points out, 
Bourbaki, because of Gödel’s second incompleteness theorem, completely renounce the 
attempt to prove that the formal systems of mathematics are consistent using the methods 
of finitary arithmetic.  Instead they regard this consistency as ‘an empirical fact’.  If, for 
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example, we are considering a version of axiomatic set theory, say ZFC, this is a theory 
which was formulated in the 1930s, and within which mathematicians have now worked 
for decades without encountering any contradictions.  So ZFC is likely to be consistent.  
Moreover, even if a contradiction did appear in ZFC, the axioms of ZFC could no doubt 
be quickly altered to repair the damage, just as happened when the contradictions 
appeared in the early 20th century.   

What does Cellucci say in reply to this?  He argues (1998, p. 179):  “But the 
recursive definitions by means of which the terms and formulas of a formal system are 
introduced, presuppose the infinite repeatability of certain operations, and so need an 
intuition which goes beyond the empirical.”  So, Cellucci concludes, the consistency of a 
formal system cannot be an empirical fact as Bourbaki claim. 

That concludes my account of some of Cellucci’s criticisms of mathematical 
logic.  These criticisms do, in my view, establish that mathematical logic did not succeed 
in establishing a foundation for mathematics of the kind that the inventors of 
mathematical logic had hoped to create.  

While accepting many of Cellucci’s criticisms of mathematical logic, I do not 
want to give the impression that he is an entirely negative thinker.  On the contrary, he 
has his own programme of developing a logic of discovery for mathematics which will be 
quite different in character from traditional mathematical logic.  He makes a most 
interesting start with this programme in his 2002, Parts 3 and 4, pp. 143-308, where his 
proposed logic of discovery is illustrated by many striking mathematical examples. I will 
say a little more about this programme for studying discovery in mathematics in the final 
section, but in the next section I will try to complete my argument for the claim that 
serendipity applies to the development of mathematical logic. [29] 
 
 
3.  Mathematical Logic as a Useful Tool for Computer Science3 
            
Mathematical logic has proved to be a useful tool in many areas of computer science.  I 
will begin by discussing its use in programming languages.  There is no doubt that 
mathematical logic exercised a very considerable influence on the development of such 
languages.  The first work of mathematical logic was Frege’s Begriffsschrift of 1879.  
This is the first example of a fully formalised language, and so, since programming 
languages need to be formalised, it is the precursor of all programming languages.4  
Moreover the logic programming language PROLOG is directly based on the predicate 
                                                
3 The following account is a revised version of my treatments of this problem in Gillies and Zheng (2001), 
and Gillies (2002).  These in turn made great use of Davis (1988a & 1988b).  I was also able to have 
discussions with Martin Davis on the problem when I read an earlier draft of Gillies and Zheng (2001) to 
the Logic Club in Berkeley in 1998.  The revisions of my earlier treatment are partly due to some further 
thoughts of my own on the problem, and also to the impact of two important works on this subject which 
have been published in the meantime – namely Numerico (2005) and Priestley (2011).  Once again I have 
benefited from lengthy discussions with Teresa Numerico and Mark Priestley over the years.  I would also 
like to thank a number of computer scientists with whom I have discussed the problem and who make 
many helpful suggestions which have been incorporated  in my account.  These include James Cussens, 
Mark Gillies, Stephen Muggleton, David Page, and Ashwin Srinivasan.  My earlier account included a 
discussion of the influence of the theory of Turing machines on the invention of the computer, but this has 
been omitted for reasons of space.  
4 I owe this point to Martin Davis.  See his 1988b, p. 316. 
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calculus which Frege introduced in his 1879.  PROLOG was intended to use standard 
Fregean logic.  However, it turned out that it actually used a logic of a different type – 
non-monotonic logic.5  This is rather characteristic of the way that mathematical logic 
came to be applied in computer science.  Ideas and theories were taken up from 
mathematical logic, but usually they had to be modified in some important respects 
before they could be applied in computer science.  

Church developed the λ-calculus with a view to providing a new foundation for 
logic in the style of Russell and Whitehead. However, it proved very useful for 
programming languages.  It became the basis of programming languages such as LISP, 
Miranda, and ML, and indeed is used as a basic tool for the analysis of other 
programming languages. [30] 

It could, however, be objected that logic-based languages such as LISP or 
PROLOG are little used.  However, Priestley has shown in his 2011 that many ideas from 
mathematical logic were embodied in standard programming languages.  FORTRAN was 
the most successful programming language of the 1950s, and as Priestley points out 
(2011, p. 200) in FORTRAN: 
 
“ … expressions were given a formal recursive definition which was very similar in style 
to the definitions given in logic texts of the terms of formal languages.” 
 
Priestley goes on to comment (2011, p. 201-2): 
 
“By and large, expressions in later languages were defined in a similar way to Fortran … 
This raises the question of why this particular definition turned out to be so influential.  
… One possible answer is that it was the style of the definition that gave rise to its 
success.  Although a number of writers had perceived a general similarity between logic 
and programming, this was the first time that techniques from formal logic had been 
applied to a relatively mundane task like syntax definition.  As well as providing a 
concise and general definition of expressions, this suggested a general approach to the 
design of programming languages which appealed to the authority and established results 
and techniques of the discipline of logic.” 
 
The next important development on Priestley’s account was ALGOL 60.  This 
incorporated many features drawn from logic.  It was not itself very successful in 
practical terms, but it did exert an enormous influence on the development of 
programming languages, and led to new programming languages incorporating features 
drawn from mathematical logic.  As Priestley comments (2011, p. 225): 
 
“ … what changed the face of programming was not simply the Algol 60 language, but 
rather a coherent and comprehensive research programme within which the Algol 60 
report had the status of a paradigmatic achievement, in the sense defined by the historian 
of science Thomas Kuhn.” 
 
Priestley also makes an interesting comparison between LISP and ALGOL.  He writes 
(2011, p. 223): 
                                                
5  For details, see Gillies, 1996, pp. 72-79. 
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“Lisp can … fairly be described as a programming language which to a large extent is 
based on prior work in formal logic.  Unlike Algol, however, Lisp is not presented as a 
formal language.” 

Let us now turn to the influence of Russell’s theory of types on computer science.  
Russell discovered in 1900 that Frege’s original version of logicism was defective 
because it gave rise to a contradiction, now known as Russell’s paradox.  Russell still 
supported logicism, and so wanted to develop a version of logicism which avoided the 
paradox.  After exploring a number of possibilities, he opted for basing mathematical 
logic on the theory of types, and published a paper developing this view in [31] 1908.  
The theory of types did not have a great success in the mathematical community which 
preferred to resolve the paradox by using the axiomatic set theory developed by Zermelo, 
a member of Hilbert’s school at Göttingen.  Indeed type theory is not taught at all in most 
mathematics departments.  The situation is quite different in computer science 
departments where courses on type theory are a standard part of the syllabus.  This is 
because the theory of types is now a standard tool of computer science.  Functional 
programming languages such as Miranda and ML are usually typed, and indeed some 
form of typing is incorporated into most programming languages.  It is desirable when 
specifying a function such as f(x,y) to specify also the types of its variables x,y, otherwise 
errors can be produced by substituting something of the wrong type for one of the 
variables which will often produce a nonsensical answer.  Once again it should be 
stressed that the type theories used in contemporary computer science are not the same as 
Russell’s original type theory, but are descendants of Russell’s original system which 
have been modified to make them suitable for computer science.  An important link in the 
chain was Church’s 1940 version of the theory of types which was developed from 
Russell’s theory, and which influenced researchers in computer science.  Davis sums up 
the situation very well as follows (1988b, p. 322): 
 
“Although the role of a hierarchy of types has remained important in the foundations of 
set theory, strong typing has not.  It has turned out that one can function quite well with 
variables that range over sets of whatever type.  So, Russell’s ultimate contribution was 
to programming languages!”  
 
Another area of computer science in which mathematical logic has proved very useful is 
artificial intelligence.  Let us start with automated theorem proving.  Here theorems are 
first formalised in 1st order predicate calculus.  However, the version of the predicate 
calculus used is one which was devised specially for computer science.  This is the 
clausal form of logic based on the resolution principle which was introduced by Alan 
Robinson in 19656.  This approach was developed by Larry Wos, George Robinson (no 
relation of Alan Robinson!), and William McCune.  In 1996, their logic theorem prover 
managed to solve an open problem in Boolean algebra by proving the Robbins 
conjecture.  The final successful search for the proof [32] took about 8 days of computer 
time.7  Many human mathematicians, including Tarski and his students, had tried 

                                                
6 See Robinson (1965), and some philosophical comments on this version of predicate calculus in Gillies 
(2002) 
7 See Mackenzie (2001, p. 89). 
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unsuccessfully to prove this conjecture in the preceding sixty years.  So this was a 
remarkable triumph for automated theorem proving.8   

Robinson’s clausal form of logic based on the resolution principle has also proved 
useful in machine learning.  Muggleton had the idea of inverting Robinson’s deductive 
logic to produce inductive logic programming.  His techniques have led to the discovery 
of new results in biochemistry.9 

These examples, and more could be given, establish beyond doubt that 
mathematical logic has proved to be a very useful tool for computer science.  Yet 
mathematical logic was not designed for this purpose.  In the next, and last, section of the 
paper, I will try to explain how this serendipity came about. 
 
 
5.  Explaining Serendipity 
 
The word ‘serendipity’ suggests something strange and mysterious.  Yet there is really 
nothing mysterious about many instances of serendipity as it has been defined in this 
paper.  Suppose I have mislaid my pen and search for it in a drawer filled with 
miscellaneous objects.  The pen is not there, but, at the bottom of the drawer, I find an old 
notebook which had gone a-missing more than a year before.  This is an example of 
serendipity since I was looking for one thing, and found another.  However, there is 
nothing strange or mysterious about it. 

The classic example of serendipity, namely Columbus’ discovery of America, was 
scarcely more mysterious than my everyday example of the pen and the notebook.  
Anyone who followed Columbus’ strategy of sailing west in order to discover a sea route 
to the East Indies would inevitably, if his ship hadn’t accidentally sunk, have discovered 
America.  America was simply there blocking the path, and any mariner following 
Columbus’ search strategy, would have run into it.   

On the other hand, the case of mathematical logic does seem more surprising.  
The pioneers of mathematical logic such as Frege, Russell, [33] Peano and Hilbert were 
working on philosophically motivated programmes designed to provide a foundation for 
mathematics which would make the results of mathematics certain.  Their foundational 
programmes failed, and yet the new concepts and theories which they had created proved 
to be invaluable, perhaps indeed essential, tools for the development of computers.  How 
did this come about? 

To answer this question, let us first look at the case of Frege.  He was very 
concerned to criticize Kant’s view of arithmetic as synthetic a priori, and based on 
intuition.  Frege had the alternative logicist view that the truths of arithmetic could be 
derived from logical axioms by strictly logical rules of inference without any appeal to 
intuition.  To demonstrate this, Frege had to limit himself to simple logical inferences 
which did not make any appeal to intuition.  As he puts it himself (Frege, 1879, p. 5): 
 
“To prevent anything intuitive [Anschauliches] from penetrating here unnoticed, I had to 
bend every effort to keep the chain of inferences free of gaps.” 

                                                
8 For further details, see Wos and Pieper (1999).  Corfield (2003, pp. 35-79) gives some valuable 
philosophical reflections on automated theorem proving, including the proof of the Robbins conjecture. 
9 For further details, see Muggleton (1992) and Gillies (1996, pp. 41-44 & 50-54).  
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Ordinary language proved to be inadequate for achieving this goal, and this led 

Frege to invent his Begriffsschrift, as he himself says (1884, p. 103): 
 
“To minimize these drawbacks, I invented my concept writing.  It is designed to produce 
expressions which are shorter and easier to take in, and to be operated like a calculus by 
means of a small number of standard moves, so that no step is permitted which does not 
conform to the rules which are laid down once and for all.  It is impossible, therefore, for 
any premiss to creep into a proof without being noticed.”   
 
Now computers do not of course possess human intuition.  So, if a proof is to be handled 
by a computer, it must first be formalised in a system like Frege’s Begriffsschrift.  Thus 
Frege’s philosophical programme “to prevent anything intuitive from penetrating here 
unnoticed” led him to create a language suitable for computers.  

Frege was, quite inadvertently of course, taking a step towards the mechanisation 
of mathematics.  The process of mechanisation in general takes place in something like 
the following manner.  The starting point is handicraft production by skilled artisans.  
The next step is the division of labour in the workshop in which the production process is 
broken down into smaller and simpler steps, and an individual worker carries out only 
one such step instead of the process as a whole.  Since the individual steps are now quite 
simple and straightforward, it becomes possible to get them carried out by machine, and 
so production is mechanised. [34] 

Turning now to mathematics, if a proof is written out in the characteristic human 
style, which is only partially formalised, then its validity cannot be checked 
mechanically.  One needs a skilled human mathematician to apply his or her intuition to 
‘see’ whether a particular line follows from the previous ones.  Once a proof has been 
formalised, however, it is a purely mechanical matter to check whether the proof is valid 
using the prescribed set of rules of inference.  Thus Frege’s work can be seen as replacing 
the craft skills of a human mathematician with a mechanical process. 

Frege himself would not have seen his work in this way, yet it should not be 
forgotten that Frege, Peano, Russell, Hilbert, etc. lived in a society in which material 
production had been very successfully mechanised and in which there was an ever 
increasing amount of mental (white collar) labour.  This social situation may have 
influenced them, albeit at an unconscious level, towards the project of mechanising 
thought.  Moreover it was natural that any attempt to mechanise thought should begin 
with mathematics, since mathematics, unlike other areas of thought, was already partially 
formalised.  This observation may partly explain why philosophy of mathematics held 
such a central place in philosophy in the period from the late 19th to the late 20th 
centuries. 

Turning now to the other pioneer of mathematical logic, Giuseppe Peano, we find 
a similar picture.  Peano does not seem to have been, like Frege, a strong critic of Kant’s 
philosophy of arithmetic, and to have opposed the use of intuition in mathematics on 
those grounds.  However, there were other reasons to be sceptical of intuition, coming 
from within mathematics itself.  In 1872 Weierstrass  gave a lecture in which he defined a 
function which was continuous but nowhere differentiable.  This is clearly counter-
intuitive, and was the first of a series of counter-intuitive objects discovered by 
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mathematicians in the next few decades.  Chapter 12, pp. 92-100, of Cellucci’s (2002) is 
entitled: Intuizione e Mostri (Intuition and Monsters).  It gives a nice account of these 
mathematical monsters which contradict intuition, and argues, quite correctly in my view, 
that their existence shows that intuition cannot provide a satisfactory foundation for 
mathematics.  Now Peano discovered one of the most famous of these monsters, his 
space-filling curve, and published an article about it in 1890.  The very next year, 1891, 
Hilbert published an article developing Peano’s work and producing a new space-filling 
curve.  It seems reasonable to suppose that both Peano and Hilbert became distrustful of 
intuition as a result of the counter-intuitive monsters, and so were led towards a formalist 
approach to mathematics.  Peano eliminated intuition altogether.  Hilbert allowed a weak 
form of intuition to support [35] finitary arithmetic, but only at the meta-level.  So both of 
them developed object-level formal theories, which, because the dependence on intuition 
was eliminated, were entirely suitable for use on computers. 

Fully formalised mathematical theories may indeed be very suitable for 
computers, but they are not very suitable for humans.  Although Frege claimed that his 
concept writing was “designed to produce expressions which are shorter and easier to 
take in”, in practice formalised expressions soon become too long for humans to 
understand, though such length is no problem for a computer.  As we saw earlier, 
variables of different types are very suitable for computers, but humans prefer to have 
variables of a single type.  This was why human mathematicians preferred to solve 
Russell’s paradox using axiomatic set theory, where variables all range over sets, rather 
than to use Russell’s type theory.  In general, human mathematicians need to use intuitive 
short cuts to make concepts comprehensible, and cannot work with fully formalised 
theories.   

As we have seen, computers have now started to do mathematics, but, in so far as 
mathematics continues to be carried out by humans, some appeal to intuition is going to 
be indispensable.  This is another reason why both logicism and formalism failed to give 
an adequate account of mathematics, but provided tools very suitable for use by 
computers. 

Frege and Peano were both sceptical of intuition – though for different reasons.  
Another thing they had in common was that they both developed an axiomatic-deductive 
version of arithmetic with the underlying logic made fully explicit.  Before them, 
geometry had, since the time of Euclid, been developed as an axiomatic-deductive theory, 
but arithmetic was introduced as a calculating tool.  The significance of their new 
development is that it provided a formal language in which arithmetical statements could 
be expressed.  This connection between arithmetic and a corresponding formal language 
was carried further by Gödel who introduced the Gödel numbering of formulas, and 
showed that some operations with these formulas could be carried out within arithmetic. 

These links between arithmetic and a corresponding formal language were 
invaluable for developing computers.  A common problem in computing is to write a 
programme instructing the computer to carry out an arithmetical calculation.  Now such a 
programme has to give the instructions in a completely precise and unambiguous fashion.  
So a formal language for arithmetic is needed here.  However, computers are universal 
machines and so we may wish to programme them to carry out deductions rather than 
calculations.  Here the possibility of representing deductions as arithmetical calculations 
is useful.  Moreover programmes need to be stored on the computer, and so coding a 
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programme by its Gödel number [36] could again be a useful device.  So we see once 
again why ideas developed in the context of a formalist philosophy of mathematics 
proved very useful for computing. 

There is however an important difference between formalised Peano arithmetic 
and a programme giving instructions about how to carry out an arithmetical calculation.  
The formulas of Peano arithmetic are statements about numbers, whereas the formulas of 
the computer programme are orders to perform particular arithmetical operations.  This 
gives part of the explanation as to why, although computer scientists frequently make use 
of ideas and theories from mathematical logic, they nearly always have to modify these 
ideas and theories in order to make them applicable to computing.  

This completes my attempted explanation of the serendipity involved in the 
development of mathematical logic.  However, before closing the paper, I would like to 
make an observation about how Cellucci’s positive project for a logic of mathematical 
discovery might be developed.  Now researchers who have studied discovery in the 
natural sciences and technology have often made use of the concept of serendipity.  
Could it therefore be a useful concept for studies of discovery in mathematics?  In this 
paper, I have argued that serendipity occurred in the development of mathematical logic.  
Are there other examples of serendipity in the history of mathematics? 

One obvious further example is the discovery of non-Euclidean geometry.  
Saccheri, for example, was working on the attempt to prove Euclid’s fifth postulate using 
reductio ad absurdum.  He failed to find the proof he was looking for, but discovered, 
without realising it, some theorems of hyperbolic geometry.  This seems undoubtedly a 
case of serendipity.  However, like the case of mathematical logic, it arises from a 
foundational programme within mathematics.  Are there examples of serendipity, which 
occur in developments of mathematics which have no connection with foundational 
issues? 

Here, it is harder to find examples of serendipity, but there is a related 
phenomenon which I suggest calling: additional serendipity.  In serendipity proper, 
someone fails to discover what he or she was looking for, but discovers something else 
unexpected instead.  In additional serendipity, the researcher does discover what he or 
she was looking for, but, in addition, discovers something else unexpected.  Additional 
serendipity does seem to be quite a common phenomenon in mathematics.  For example, 
the basic results of group theory were discovered in a successful investigation of the 
solubility of polynomial equations, but group theory turned out unexpectedly to provide, 
in addition, a useful tool for classifying [37] geometries.  Thus, it seems to me, that 
serendipity, and additional serendipity, might indeed be useful concepts to use in an 
extension of Cellucci’s investigations of discovery in mathematics.       
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