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Abstract 
 
I will begin the talk with a brief sketch of Aristotle’s original philosophy of 
mathematics.  This, I will argue, is based on two postulates.  The first is the 
embodiment postulate, which states that mathematical objects do exist, though not in 
a separate Platonic world, but embodied in the material world.  The second is that 
infinity is always potential and never actual.  I will then consider the extent to which 
this Aristotelian approach holds for contemporary mathematics.  I will assume that 
most contemporary mathematicians accept ZFC.  This rules out Aristotle’s second 
postulate since ZFC’s axiom of infinity implies the existence of an actual infinity.  
However, I will claim that the embodiment postulate can still be defended for 
contemporary mathematics.  At first sight this seems a curious claim since Cantor’s 
theory of transfinite alephs can be developed within ZFC, and surely transfinite alephs 
are not embodied in the material world.  I will discuss this difficulty at length, and try 
to overcome it using ideas from fictionalist and if ..then-ist philosophies of 
mathematics. 
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1. Introduction. Aristotle’s Philosophy of Mathematics 
 

I will begin by giving a very brief sketch of Aristotle’s original philosophy of 
mathematics.1 Aristotle developed his own views on mathematics from a criticism of 
those of Plato.  He agreed with Plato that mathematical entities had an objective 
existence.  However, Aristotle did not agree with Plato that mathematical objects 
existed in a transcendental world outside of space and time.  He argued that they did 
exist, but in the familiar material world.   

Aristotle states (Metaphysics, M(XIII).1, 1076a 18-19) that by “mathematical 
object … I mean numbers, lines, and things of that kind.”  He definitely regarded 
mathematical objects as existing, for he says (Metaphysics, M(XIII).3, 1077b 31-33): 
 

                                         
1 This talk is a shortened version of Gillies (2015), which contains a more detailed account of 
Aristotle’s views on mathematics. 
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“So since it is true to say without qualification not only that separable things exist but 
also that non-separable things exist (e.g. that moving things exist), it is also true to say 
without qualification that mathematical objects exist …” 
 
Indeed, speaking of mathematical objects, he says (Metaphysics M(XIII).1, 1076a 36):  
 
“So our debate will be not whether they exist, but in what way they exist.” 
 

So in what way do mathematical objects exist?  Aristotle sometimes 
formulates his view by saying that such objects are not separate from things, which 
exist in the perceptible world.  He explains this with an analogy to male and female in 
the following passage (Metaphysics, M(XIII).3, 1078a 5-9: 
 
“Many properties hold true of things in their own right as being, each of them, of a 
certain type – for instance there are attributes peculiar to animals as being male or as 
being female (yet there is no female or male separate from animals).  So there are 
properties holding true of things merely as lengths or as planes.”  
 

For Aristotle, then, mathematical entities do indeed exist objectively, but not, 
as Plato claimed, in a transcendental world which is separate from the material world.  
They exist rather embodied in the material world.  For example (an example of mine 
rather than Aristotle’s), the number five exists embodied in quintuples such as the 
toes of my left foot.  That is what I call Aristotle’s embodiment postulate.  Let us now 
turn to his theory of infinity. 

Aristotle’s general position regarding the infinite is that it has a potential 
existence but not an actual existence.  He states this very clearly in the following 
passage (Physics, III.6, 206a 17-21): 
 
“the infinite has a potential existence. 
 But the phrase ‘potential existence’ is ambiguous.  When we speak of the 
potential existence of a statue we mean that there will be an actual statue.  It is not so 
with the infinite.  There will not be an actual infinite.” 
 
Aristotle clarifies this further by giving a definition of the infinite (Physics, III.6, 207a 
6-8). 
 
“Our definition is then as follows: 
A quantity is infinite if it is such that we can always take a part outside what has been 
already taken.”  
 

Aristotle’s notion of the potential infinite does indeed seem to be adequate for 
ancient Greek mathematics, even for the developments of Euclidean geometry and 
Diophantine equations which occurred after his lifetime.  Arithmeticians required 
numbers as high they pleased, but did not need to consider the sequence of numbers 
as a completed whole.  Geometers in their proofs needed to extend lines as much as 
they wanted, and to divide them as much as they wanted, but they never needed to 
postulate infinitely long lines.  

That concludes my brief sketch of Aristotle’s philosophy of mathematics.  In 
the next section (2), I will consider how this approach might be adapted for 
contemporary mathematics.  
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2. Adapting Aristotle for Contemporary Mathematics 
 
 Contemporary mathematics, like ancient Greek mathematics, studies the 
natural numbers.  There is only one small difference.  Aristotle, like most ancient 
Greek mathematicians, began the sequence of natural numbers with 2.  In fact he 
writes (Physics, IV.12, 220a 27): “the smallest number, in the strict sense of the word 
‘number’, is two.”  However, we start the sequence of natural numbers with 1 or, 
sometimes, with 0.   
 This difference is a small one, however, and it is easy to take over Aristotle’s 
account of the embodiment of the natural numbers in the material world.  For 
example, the number 5 is embodied in the toes of my left foot.  The only problem, 
which might arise here concerns very large, but still finite, natural numbers.  What 
about a natural number which is larger than the number of all the particles in the 
known universe?  Can we find an embodiment for such a huge number?  I will return 
to this question later on. 
 However, there are many new branches of contemporary mathematics, which 
are not to be found in ancient Greek mathematics.  One such is axiomatic set theory, 
which was developed in the 20th century.  Nowadays the most commonly used version 
of axiomatic set theory is Zermelo-Fraenkel Set Theory with the Axiom of Choice, or 
ZFC.  ZFC is accepted by nearly all contemporary mathematicians, and indeed has a 
kind of canonical status.  If a mathematical proof can be carried out within ZFC, 
almost all mathematicians would accept it as valid.  If the proof requires assumptions 
that go beyond ZFC, it appears more doubtful.  This is shown by recent discussions of 
Andrew Wiles’ proof of Fermat’s Last Theorem, where the question has been raised 
as to whether the proof can be reconstructed within ZFC, or whether is involves 
assumptions which go beyond ZFC. 
 If, however, ZFC is accepted, then we can no longer accept Aristotle’s theory 
of the infinite as always potential, because ZFC explicitly postulates an axiom of 
infinity, stating that an infinite set exists.  This was Axiom VII in Zermelo’s 1908 
paper. 

From the axiom of infinity it follows that the set of all natural numbers (N say) 
= {1, 2, 3, … , n, …} exists.  Thus the natural numbers are no longer a potentially 
infinite sequence 1, 2, 3, …, n, … , there is an actually infinite set of them (N).  In this 
respect therefore contemporary mathematics goes beyond ancient Greek mathematics.  

So a consideration of contemporary mathematics has shown that one part of 
Aristotle’s philosophy of mathematics must be given up in the modern context, 
namely his claim that infinity is always potential. But what about the other part of his 
philosophy of mathematics, namely the embodiment postulate, which states that 
mathematical entities do exist, but they exist as embodied in the material world and 
not in a separate realm.  Since modern mathematics deals with actually infinite sets 
and Cantor’s transfinite numbers, the embodiment postulate is now harder to establish 
than it was for ancient Greek mathematics.   It is difficult to see how infinite sets and 
Cantor’s transfinite numbers could be embodied in the material world. Nonetheless I 
think that Aristotle’s embodiment postulate does still hold for modern mathematics, 
and I will argue for this thesis in the final two sections of the paper (3 & 4).  
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3.  Infinity: (i) Denumerable Sets and the Continuum 
  

Our task then is to show that the transfinite numbers, whose theory can be 
developed within ZFC, do not contradict Aristotle’s embodiment postulate.  These 
transfinite numbers include denumerable infinities, continuum infinities, and Cantor’s 
transfinite alephs  ℵ1, ℵ2, … , ℵn, … , ℵω, … .  It seems at first sight rather 
implausible that such entities should exist in the material world, and Gödel denies that 
they do.  He says explicitly (1947, p. 483):  
 
“ … the objects of transfinite set theory … clearly do not belong to the physical 
world.”   
 
Despite the difficulty here, I will attempt the task, beginning in this section with 
denumerable infinities, and continuum infinities, and going on in the next section (4) 
to discuss the rest of the Cantorian alephs. 

In order to introduce infinite sets into the material world, I will argue that 
continuous intervals of points are physically real.  The points could be points of 
space, or of time, or of space-time.  Now when should we regard an entity as 
physically real, or as a constituent of the physical world?  My answer to this question 
is as follows.  Suppose some of the best theories of physics, which we have, i.e. 
theories which are very well confirmed by observation and experiment, contain 
symbols referring to the entity in question, then we should regard the entity as part of 
the physical world.  To put the point another way, we should regard as physically real 
those entities, which are postulated by our best confirmed theories of physics.   

Now almost all of the best theories of physics of the present day introduce a 
four vector (x, y, z, t) where x, y, z are said to be spatial co-ordinates and t a temporal 
co-ordinate.  Moreover it is always assumed that x, y, z, t are continuous variables 
which take real numbers as values.  From this it seems reasonable to conclude that 
spatio-temporal continua are physically real, just as we conclude that electrons or 
atoms are physically real. 

It is important to note here that there is no a priori reason why space and time 
should be continua.  After all it was once thought that energy was continuous, but 
then the quantum theory was introduced and proved more successful at explaining 
physical phenomena.  Thus there is no reason why a quantum theory of space and 
time should not, one day, be introduced and prove more successful than the present 
continuum theory at explaining physical phenomena.  If, and when, that happened we 
should have to give up our present assumptions regarding physical reality – which are 
anyway tentative and conjectural.  In fact, however, no quantum theory of space and 
time has, so far, proved at all successful.  On the contrary the assumption that space 
and time are continuous appears in all the well confirmed theories of physics, and so 
is itself a very well confirmed assumption.  Thus we have excellent grounds for 
supposing that spatio-temporal continua are physically real.  

Against this it might be argued that in fluid mechanics it is customary to 
assume that water and other liquids are continuous, although we know perfectly well 
that they are composed of molecules.  Similarly, it could be claimed, we should 
regard the assumption that space and time are continuous merely as an approximation, 
and not as telling us anything about physical reality. 

My reply is that the two cases are not analogous.  In the case of fluid 
mechanics, we have a deeper theory, which tells us that the fluid is composed of 
molecules, and that the assumptions of continuity are only approximations, which, 
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moreover, break down in situations which can be specified.  In the same way, we 
should not, in the light of modern physics, regard Newtonian gravitational forces 
acting at a distance, as physically real, because we have a deeper theory (Einstein’s 
General Relativity) which shows that Newtonian theory is only an approximation, and 
which, moreover, specifies situations in which considerable divergences from 
Newtonian theory will occur.  Now, if there was a deeper quantum theory of space 
and time, then the continuous theory of space and time would be in the same situation 
as fluid mechanics or Newtonian theory; but this is not the case.  The continuum 
theory of space and time is everywhere successful, and, as things stand at present, 
there is no deeper theory, which corrects it.  We are thus justified, so I claim, in taking 
the continuum theory of space and time as a guide to what is actually the case in the 
real physical world. 

These then are my reasons for supposing that spatio-temporal continua are 
physically real, and are, moreover, of the character assumed by physical theories, that 
is to say consist of sets of points which are representable by real numbers.  This, 
however, gives us in the material world, infinite sets whose cardinality is that of the 
continuum, i.e. c, where  
                                                         ℵ0 
    c = 2 
 

It is now an easy matter to argue that some denumerable sets are embodied in 
the physical world.  Consider, for example, the number π.  This is used constantly in 
physics in all sorts of contexts.  It is thus reasonable to consider π as being embodied 
in the physical world.  However, π, in its usual digital expansion, is a denumerable set 
of natural numbers.  This gives us a denumerable set embodied in the physical world, 
and so we can say that both ℵ0 and c occur in the material world. 

This line of argument also answers an objection, which might be raised to our 
earlier treatment of natural numbers.  It could be said that the example given (the 
number of toes on my left foot) only establishes the material embodiment of relatively 
small finite sets and natural numbers.  What about natural numbers, which are much 
greater than the number of particles in the Universe as so far observed?  Such 
numbers and the corresponding finite sets are certainly assumed by mathematicians, 
but they appear to lack any material embodiment.  We can resolve this problem in the 
same way that we treated denumerable sets.  Suppose there is some very large natural 
number, which is used in physics. We will characteristically be able to consider a set 
of points which has this number, and so be able to give it a material embodiment. 

So far we have given an Aristotleian account of the infinite numbers ℵ0 and c, 
but what of the other Cantorian alephs ℵ1, ℵ2, … , ℵn, … , ℵω, …?  They need to be 
dealt with in a rather different manner, which will be explained in the next section. 
 
 
4.  Infinity:  (ii) Other Transfinite Cardinals  
  

In order to deal with the other transfinite cardinals, it will be helpful to take 
into account another aspect of mathematical entities.  So far I have emphasized that 
natural numbers are embodied in the world of nature.  However, such numbers can 
also be considered as human social constructions.  They were constructed by devising 
symbols such as ‘1’, ‘2’, ‘3’, … , and giving these symbols meaning.  Regarding the 
nature of meaning, I will assume the view, which Wittgenstein presents in his later 
philosophy.  Wittgenstein’s theory is that (1953, p. 20): “the meaning of a word its 
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use in the language”, and he further analyses language as consisting of a number of 
interrelated language games. By a ‘language game’ he means some kind of rule-
guided social activity in which the use of language plays an essential part.  He himself 
introduces the concept as follows (1953, p. 5): 
 
“I shall also call the whole, consisting of language and the actions into which it is 
woven, the ‘language game’.” 
 
And again (1953, p. 11): 
 
“Here the term ‘language-game’ is meant to bring into prominence the fact that the 
speaking of language is part of an activity, or of a form of life.” 
 
Wittgenstein illustrates his concept of language game by his famous example 
involving a boss and a worker on a building site (1953, p. 3).  The boss shouts, e.g. 
‘slab’, and the worker goes off and fetches a slab.  Wittgenstein’s point is that the 
meaning of the word ‘slab’ is given by its use in the activity carried out by boss and 
worker.  Actually Wittgenstein’s term ‘language game’ seems hardly appropriate, 
since his first example of a language ‘game’ is not a game at all, but work.  It would 
seem preferable to speak of ‘language activities’ – thus leaving it open whether the 
activity in question is work or play.  

If we accept this theory, it is easy to give an account of how one sort of 
abstract entity – meaning – is constructed by human activity.  For some sign S to 
acquire meaning, it suffices that S comes to have a generally accepted use in a social 
activity or activities.  Thus by setting up social activities in which signs play an 
essential part, human beings create a world of abstract entities (meanings).  These 
meanings are the product of human social activity.  So, for example, by introducing 
the numerals ‘1’, ‘2’, ‘3’, ‘4’, ‘5’, …, and giving them a use in various social 
activities, numbers are created.  If numbers have been created, and the boss on the 
building site shouts ‘five slabs’, the worker will (probably) bring five slabs.  In this 
way the construction of numbers assists in the construction of houses.  Numbers are a 
sort of abstract tool. 

However, there are some limitations to the view of mathematical entities as 
human constructions.  This issue can be clarified by introducing another important 
idea from the philosophy of language.  This is Frege’s distinction between sense and 
reference (Frege, 1892). 

Frege illustrates this distinction by his well-known example of the morning 
star and the evening star.  The phrases ‘morning star’ and ‘evening star’ have different 
senses.  The first phrase has the same sense as ‘the star which sometimes shines very 
brightly in the early morning’ while the sense of the second phrase is the same as ‘the 
star which sometimes shines very brightly in the early evening’.  However, our 
astronomical knowledge tells us that both phrases, despite their difference in sense, 
refer to the same celestial body, namely the planet Venus. 

If we accept Frege’s distinction, then it is clear that Wittgenstein’s later theory 
of meaning deals with sense, but not at all with reference.  Consider the phase ‘The 
Sun’.  By being given a use in a host of human social activities, this phrase acquires a 
meaning or sense.  In virtue of this sense, the phrase refers to a large incandescent 
body.  However, this large incandescent body has nothing to do with human social 
activities.  It existed long before there were human beings, and its existence has been 
little affected by human life. 
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Let us now try to relate this to the Aristotelian view of mathematics, which has 
been developed so far.  It is one of the simpler claims of chemistry that in the air there 
are a large number of oxygen molecules of the form O2.  The set of electrons in an 
oxygen molecule is thus an example of a naturally occurring set.  Moreover, the set of 
electrons of a particular oxygen molecule in the air is an embodiment of the number 
16.  Yet oxygen molecules existed before there were human beings, and human social 
activity has not altered the number of electrons in an oxygen molecule.  This shows 
that number is not a purely human construction, but is also an aspect of the non-
human world of nature.  If therefore we are going to give an adequate account of the 
existence of numbers, we must combine, in some way, the view of numbers as human 
constructions with the view of them as aspects of the non-human world of nature.   

To do so, let us consider the question:  “did human beings construct the 
number 16?”  One could say in reply that human beings did invent the system of signs 
of which ‘16’ is part and by using this sign system, they gave a meaning or sense to 
‘16’.  Thus humans did construct the sense of ‘16’, or the concept of 16.  However, in 
virtue of the way the natural world is, this sense picks out a reference in the natural 
world.  It refers, for example, to the number of electrons in an oxygen molecule.  The 
reference of ‘16’ existed and exists in the natural world quite independently of human 
beings, and to this extent the number ‘16’ was not a human construction.  Note, 
however, that the sense of ‘16’, or the concept of 16, are also embodied in the 
material world.  They are embodied in the human social activities, which give the 
term ‘16’ meaning, and so are embodied in a part of the social world.  Thus the 
Aristotelian account applies to the sense of ‘16’ just as much as to its reference, 
though in a different way. 

We can now use these ideas about sense and reference to give our account of 
the Cantorian alephs ℵ1, ℵ2, … , ℵn, … , ℵω, … .  It is useful to compare these 
alephs to the natural numbers 1, 2, 3, … , n, ….  In both cases we have symbols, such 
as ‘16’ in the first case and ‘ℵ5’ in the second.  These symbols acquire meanings or 
senses by being used in language activities.  The symbols of the finite numbers all 
have references.  For example the number 16 is embodied in the naturally occurring 
set of electrons in an oxygen molecule.  By contrast the transfinite alephs have as yet 
no application in physics, which would give them a reference in the material world.  
So the transfinite alephs have no reference.  Thus for example ‘ℵ5’ has a sense 
because it has a use within the language activity of Cantorian set theory.  This activity 
may have few participants, but it is nonetheless a perfectly definite social activity 
carried out in accordance with clear and explicit rules.  On the other hand ‘ℵ5’ has no 
reference. 

Let us next examine the consequences of this analysis for the question of 
mathematical truth. An Aristotelian view of mathematical entities allows the 
correspondence theory of truth to be extended from physics to mathematics.  The 
electrons of an oxygen molecule exist in the material world, and statements about 
them are true if they correspond to what is the case in the material world.  Similarly, 
since in the Aristotelian view, numbers and sets are embodied in the material world, a 
statement about numbers or sets is true if it corresponds to what is the case in the 
material world.  Note that this account of mathematical truth allows us to defend the 
law of excluded middle without appealing to Platonism.  This approach also allows us 
to resolve some of the problems which Benacerraf raises in his classic 1973 article on 
mathematical truth. 
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It is a consequence of this view of mathematical truth that there are no truths 
about the transfinite cardinals ℵ1, ℵ2, … , ℵn, … , ℵω, ….2  However, this is not a 
defect of this approach, but an advantage rather.  All we need do, as far as these 
transfinite cardinals are concerned, is to speak not of a proposition being true but of 
its being a theorem in a particular version of set theory.  Thus the correct claim that  
 
   ℵ4 + ℵ5  =  ℵ5  
 
would no longer be regarded as a truth about transfinite cardinals in the way that  
 
   4 + 5  =  9 
 
is a truth about finite cardinals.  It would be regarded as a theorem of the development 
of the theory of transfinite cardinals within say ZFC.  The advantage of this approach 
is that many theorems of the theory of transfinite cardinals and ordinals do in fact 
depend on what version of set theory is being used.  A theorem may hold within one 
version of set theory but not another.  Thus it is better to make the appeal to some 
underlying set theory explicit rather than to use an objective notion of truth, which 
does not apply in this case. 

Finally this view of mathematical truth sheds light on the question of whether 
the continuum hypothesis will ever be shown to be true or false.  Cohen showed in his 
1966 that the continuum hypothesis is both consistent with and independent of the 
other axioms of ZFC.  The continuum hypothesis states that ℵ1 = c, and so it contains 
a term (‘ℵ1’) which lacks a reference.  It does not therefore have a truth value at the 
moment, and will only acquire one if ‘ℵ1’ does acquire a reference by, for example, 
being given an application in physics.  There is no guarantee, however, that the 
transfinite cardinals ℵ1, ℵ2, … , ℵn, … , ℵω, …. will ever be used in physics or some 
other successful theory.  So the continuum hypothesis could remain undecidable for 
the indefinite future.3   

There are several further general consequences of this approach, which need 
to be made explicit.  To begin with, on the present Aristotelian view, the axioms of 
ZFC cannot be regarded as true, but only as acceptable.  If the axioms of ZFC were 
true, then any consequence of those axioms would have to be true as well.  However, 
we have argued that ℵ4 + ℵ5  =  ℵ5  should be regarded as neither true nor false 
rather than as true, even though it is a consequence of the axioms of ZFC.  The 
axioms of ZFC are acceptable in roughly the following sense.  If a statement (S say) 
follows from the axioms of ZFC, and if S only refers to entities which exist, in the 
sense of being embodied in the material world, then S can be regarded as true. 
 The status of the axioms of ZFC is connected in turn with the fact that ZFC is 
only partially interpreted.  The existence of a full Tarskian interpretation of ZFC is 
                                         
2 I am here assuming Frege’s view that if a referring expression in a sentence lacks reference, then the 
proposition expressed by that sentence lacks a truth value. 
3 I had a discussion with Lakatos on this point in the late 1960s when I was doing my PhD with him.  
Lakatos thought that the continuum hypothesis would be decided one day, and, when I asked him why, 
he replied that this was because of the growth of mathematics.  Assuming human civilization 
continues, mathematics will undoubtedly continue to grow and to develop new concepts, which will be 
successfully applied to the material world.  However, the direction of this future development is 
uncertain, and it may not consist of further development and successful application of the theory of 
transfinite cardinals, but rather of the development and successful application of some completely new 
concepts and theories.  Thus the continuum hypothesis may never be decided. 
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only possible if Platonism is correct.  In that case there is a Platonic world of sets, and 
the axioms of ZFC would be true or false depending on whether they held for this 
Platonic world or not.  On an Aristotelian position, however, there is not a full 
interpretation of all the sets of ZFC.  Only those which can be shown to be embodied 
in the material world can be regarded as having a genuine reference.  There are, 
however, many sets which are definable within ZFC, but which cannot at present be 
shown to have a material embodiment.  The symbols for such sets, e.g. ℵ4, do not 
have a reference, that is to say they do not have a Tarskian interpretation, since 
Tarski’s semantics are referential in character.   
 It is useful to consider this account of ZFC in relation to two well-known 
philosophies of mathematics, namely fictionalism and if, then-ism.  Let us start with 
fictionalism.  According to fictionalism, mathematical entities do not exist, and so 
mathematical writings are similar to literary fiction, which can take the form of 
novels, plays, etc.  Literary fiction describes characters and their doings, but these 
characters are purely imaginary and do not exist in the real world.  For example, 
consider Shakespeare’s play:  Hamlet.  This presents the actions of a number of 
interesting characters such as Hamlet himself, Polonius, Ophelia, Laertes, etc.  
However these characters are purely imaginary and never existed in the real world.  
Similarly a fictionalist would claim, mathematics deals with entities such as numbers, 
sets, etc., and describes their properties, but these entities are purely imaginary and do 
not exist in the real world. 
 Now it is obvious that fictionalism, as a general philosophy of mathematics, 
must be rejected from the present Aristotelian point of view.  According to this 
Aristotelian approach, many mathematical entities such as numbers, sets and 
geometrical figures do exist because they are embodied in the material world.  
Moreover, many mathematical propositions such as 4 + 5 = 9 are true because they 
correspond to what is the case in the material world.  However, from our present point 
of view, fictionalism, though not correct in general, does hold for some mathematical 
entities, such as, notably, the transfinite cardinals ℵ1, ℵ2, … , ℵn, … , ℵω, … .  These 
really are fictions like Hamlet, Polonius, Ophelia, etc.  We could perhaps refer to 
them as metaphysical fictions rather than literary fictions. 
 Fictionalism has close connections with if, then-ism.  Let us take an arbitrary 
mathematical statement S.  According to if-then-ism, we can never claim that S on its 
own is true.  The most we can claim is that there is a set of axioms A, such that ‘If A, 
then S’ is logically true.  Once again it is clear that if, then-ism cannot be accepted 
from the present Aristotelian point of view.  As we remarked, the approach leads to 
the conclusion that many mathematical statements, e.g. 4 + 5 = 9 can be accepted as 
true without deducing them from any set of axioms.  On the other hand, from the 
present point of view, if, then-ism is correct for some mathematical statements.  
Statements such as ℵ4 + ℵ5  =  ℵ5  cannot be accepted on their own as being true.  
The most we can say of such statements is that they can be deduced from the axioms 
of ZFC, or some similar version of axiomatic set theory. 
 If, then-ism can be applied not just to the metaphysical fictions of 
mathematics, but to literary fictions as well.  To do so, we simply take any work of 
literary fiction, and regard all the statements in the work as our axioms.  We then 
accept any conclusion which can be deduced from these axioms.  So, for example, we 
can take all the statements in a standard edition of Hamlet, and see what further 
statements can be deduced from them.  In this way we can conclude that Ophelia is 
the sister of Laertes, and the daughter of Polonius, but that it would be incorrect to 
claim that Ophelia is the wife of Hamlet.  Of course some statements about Ophelia 
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are undecidable by this method.  We cannot establish, for example, whether or not 
Ophelia had measles as a baby.  Now some famous literary critics have indeed applied 
this if, then-ist method.  For example, Bradley drew a surprising conclusion regarding 
Hamlet.  It is usually supposed that Hamlet, being a young student, is about 20 years 
old.  However, Bradley deduces from the text of the play that Hamlet is exactly 30 
years old (see Bradley, 1904, pp. 407-9).  The evidence for this is in Act V, Scene i, 
where Hamlet has a conversation with the gravedigger.  The gravedigger says that he 
started his present occupation on the day when Hamlet was born, and has been doing 
the job for 30 years.  Moreover, he digs ups the skull of Yorick and says it has been 
lying in the earth for three and twenty years.  Hamlet remembers Yorick carrying him 
on his back when he was a boy, which confirms that Hamlet must at least be in his 
late twenties.  However, other literary critics have felt that Bradley went too far in 
these if, then-ist deductions.  No doubt Shakespeare did try to create a consistent 
fictional world, but perhaps he really did intend Hamlet to be a young student of 
about twenty and did not notice the inconsistency of this with the statements made by 
the gravedigger.  After all, a few inconsistencies can creep into a literary work 
without the average reader or member of the audience noticing and feeling perturbed. 
 It is interesting to compare the situation here with the metaphysical fictions 
generated by ZFC.  Of course we cannot be sure that ZFC is consistent, though there 
is some evidence that it is.  However, if an inconsistency were discovered in ZFC, we 
could no longer accept this axiomatic theory.  Because it is based on classical 1st order 
logic, if it is inconsistent, then any statement of the theory could be proved as a 
theorem, which is obviously unsatisfactory.  Consequently, if an inconsistency were 
discovered in ZFC, the mathematical community would immediately set to work to 
produce a new system, which avoided inconsistencies of that type.  Literature, by 
contrast, is more tolerant of inconsistencies, and, if an inconsistency is discovered in a 
famous novel, it does not have to be immediately rewritten to remove the flaw.  
 Still there are definitely some points in common between literary fiction and 
abstract set theory.  Perhaps the closest comparison is not between ZFC and a pure 
work of fiction, but rather between ZFC and a historical novel.  Let us suppose that an 
author tries to create a historical novel with both characters which really existed 
(RCs), and other characters which are purely imaginary (ICs).  The author is 
conscientious, and makes sure that any scenes involving just RCs are historically 
correct and well-supported by documents as regards the words and actions attributed 
to the RCs.  However, naturally the scenes involving RCs and ICs, or just ICs, though 
they might be historically plausible, are not literally true.  These hypothetical rules of 
practice are quite close to those actually adopted by Sir Walter Scott, and Tolstoy 
states explicitly that he used this approach when writing War and Peace.  Tolstoy 
writes (1868, p. 545): 
 
“Wherever in my novel historical persons speak or act, I have invented nothing, but 
have used historical material of which I have accumulated a whole library during my 
work.” (Italics in original)   
 

Now, if we take any statement involving just RCs from an historical novel 
written on these principles, we can regard it as true, but if a statement involves ICs as 
well as RCs, we should regard it as a fiction, i.e., on Frege’s approach, as neither true 
nor false.  Here the analogy with ZFC is very close.  If a theorem of ZFC contains 
only reference to entities which have been shown to be materially embodied, i.e. 
actually to exist on the Aristotelian criterion, then the theorem can be regarded as 
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true.  If the theorem contains reference to some entity, such as ℵ4 which has not been 
shown to exist by the Aristotelian criterion, then the theorem should be regarded as 
neither true nor false.  Of course this analogy is not entirely accurate.  It is always 
possible that, through the development of science, ℵ4 is shown to exist in the physical 
world. However, it is hardly likely that a character imagined by a historical novelist is 
found by later historical research to have really existed and carried out the actions 
described in the novel.  
 I have argued that ZFC generates some metaphysical fictions which are 
surplus to the requirements of applied mathematics.  If this is so, it might be argued, 
surely we should start a programme for paring down ZFC so that the modified system 
produced only what was required by applied mathematicians, and no surplus structure 
of a metaphysical character.  Such an argument does not seem to be correct.  There 
are two reasons why we should tolerate the metaphysical structures generated by 
ZFC.  First of all ZFC is a remarkably simple and elegant system.  In Cohen’s 1966 
formulation, it consists of only 8 axioms and 1 axiom schema.  From this, virtually all 
the mathematics needed by applied mathematicians can be developed with little 
difficulty.  ZFC is a remarkable achievement, carrying out for 20th Century 
mathematics, what Euclidean geometry did for ancient Greek mathematics.  Each 
system provided a simple and elegant framework within which the mathematics of its 
time could be developed.  Now if we attempted to pare down ZFC so that the 
modified system generated only those sets needed for applied mathematics, and no 
surplus structure, the result would inevitably be a more complicated and less elegant 
system.  Moreover what would be gained by eliminating the metaphysical structure of 
the Cantorian alephs?  This structure, even if it is not used in practice, does no harm. 
 One could even argue that these metaphysical fictions might do some good.  
The view of the Vienna Circle that metaphysics is meaningless and should be 
eliminated has now largely been abandoned.  Popper criticized this view and pointed 
out that metaphysics could be not only meaningful, but positively beneficial for 
science by providing a heuristic guide for the construction of scientific theories.  It is 
still, of course, not to be excluded that the Cantorian alephs will play some role in a 
future successful theory of physics.   
 Thus some metaphysical fictions should be tolerated within mathematics.  Yet, 
at the same time, such toleration should perhaps not go too far.  Consider suggestions 
about modifying ZFC by introducing stronger axioms of infinity, such as, for 
example, an axiom postulating the existence of an inaccessible cardinal.  As we have 
seen, ZFC, as well as generating the infinities which are actually useful in physics, 
namely ℵ0 and c, generates many more infinite numbers which have as yet proved of 
little use in physics or other branches of science.  Thus we have so to speak already 
got more infinite numbers than we really need, and so to postulate the existence of 
further such numbers hardly seems a good idea.  It would only be adding to the 
metaphysical and fictitious side of mathematics, without contributing anything of 
practical use. 
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